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QUANTUM MICROFORMAL MORPHISMS OF
SUPERMANIFOLDS: AN EXPLICIT FORMULA AND FURTHER
PROPERTIES
THEODORE VORONOV
Abstract. We give an explicit formula, as a formal differential operator, for quan-
tum microformal morphisms of (super)manifolds that we introduced earlier. Such
quantum microformal morphisms are essentially oscillatory integral operators or
Fourier integral operators of a particular kind. They act on oscillatory wave func-
tions, whose algebra extends the algebra of formal power series in Planck’s constant.
In the classical limit, quantum microformal morphisms reproduce, as the main
term of the asymptotic, the nonlinear pullbacks of functions with respect to ‘ classical ’
microformal morphisms. We found these nonlinear transformations of functions in
search of L∞-morphisms for homotopy Poisson structures.
In our previous paper [3], we introduced ‘quantum’ microformal morphisms be-
tween (super)manifolds. They are essentially oscillatory integral operators or Fourier
integral operators of a particular kind acting on functions on one (super)manifold and
transforming them to functions on another (super)manifold. Here we give an explicit
formula for them, expressing them as formal differential operators of infinite order.
(There is some mild resemblance of the form of this formula with the expression for
a partition function for interacting fields in QFT.)
The motivation for considering such objects is as follows.
We first discovered ‘ classical ’ microformal morphisms [1, 2] — in search of a con-
struction of L∞-morphisms for homotopy Poisson structures on manifolds. They arise
as an amazing generalization of ordinary smooth maps, for which there is a notion
of pullback of functions generalizing ordinary pullbacks. Unlike the latter, pullbacks
with respect to microformal morphisms are nonlinear (formal) transformations of
spaces of functions. Being nonlinear, they cannot be ring homomorphisms as ordi-
nary pullbacks. However, they possess a remarkable property that their derivatives
at each point are ring homomorphisms.
‘Quantum ’ microformal morphisms [3] are in the same relation to ‘ classical ’ mi-
croformal morphisms [1, 2] as the Schro¨dinger equation is to the Hamilton–Jacobi
equation. Classical microformal morphisms are constructed by methods of symplec-
tic geometry, in particular, generating functions. Equations of Hamilton–Jacobi form
arise there at many instances when we connect this theory with (homotopy) Poisson
structures. We felt from the start that this must be a projection of a hypothetical
quantum version, which was eventually found in [3].
Let us give precise definitions and statements.
Quantum microformal morphisms act on ‘oscillatory wave functions’.
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Definition 1. An oscillatory wave function on a (super)manifold M is a linear com-
bination of formal expressions of the form
w(x) = a(~, x)e
i
~
b(x,~)
where a(x, ~) and b(x, ~) are formal power series in ~ whose coefficients are smooth
functions on M . By writing b(x, ~) = b0(x) + ~b1(x) + . . . and taking logarithms, we
can always re-write the exponential so that w(x) = A(~, x)e
i
~
b0(x), with some formal
power series A(x, ~).
We arrive at the algebra of oscillatory wave functions on M , which we denote
OC∞
~
(M), so that OC∞
~
(M) = C∞(M)[[~]] exp i
~
C∞(M). It is an algebra over the
algebra C∞(M)[[~]] of formal power series in ~.
Recall the construction of quantum microformal morphisms [3]. Consider super-
manifolds M1 and M2. In given coordinate systems on M1 and M2, a quantum
microformal morphism Φˆ: M1 →qM2 is specified by a quantum generating function
S~(x, q). Here x
a are local coordinates on M1, y
i are local coordinates on M2, and pa
and qi denote the corresponding components of momenta. The function S~(x, q) is a
formal power series in qi :
S~(x, q) = S
0
~
(x) + ϕi
~
(x)qi +
1
2
S
ij
~
(x)qjqi +
1
3!
S
ijk
~
(x)qkqjqi + . . .
The coefficients of the expansion are formal power series in ~. Note that S~(x, q)
is a coordinate-dependent object and not a scalar function. Its transformation law
will be clarified later. (The reason why we denoted the coefficients of the linear term
differently from the others will also become clear shortly.)
Remark. There are two different kinds of power expansions in this theory: expansions
in ~ and expansions in the “coupling constant”. More precisely, the latter are the
expansions in the momenta q for generating functions S~(x, q) and the correspond-
ing expansions in powers of the functions and their derivatives in the formulas for
pullbacks and the compositions of morphisms.
Definition 2. By definition, a quantum microformal morphism Φˆ : M1 →qM2 is iden-
tified with its action on functions (in the opposite direction), called quantum pullback
and denoted Φˆ∗, which is defined by the formula
(1) (Φˆ∗w)(x) =
1
(2pi~)n2
∫
T ∗M2
D(y, q) e
i
~
(S~(x,q)−y
iqi)w(y) .
The integral operator Φˆ∗ is a linear transformation Φˆ∗ : OC∞
~
(M2) → OC
∞
~
(M1) of
oscillatory wave functions.
(Integration in (1) is w.r.t. the Liouville measure on T ∗M2. The coefficient in front
of the integral is the standard factor depending only on dimension. For the simplicity
of notation, it is written here for the more familiar even case. Everything works for
supermanifolds.)
In the quasi-classical limit ~→ 0, a quantum microformal morphism Φˆ : M1→qM2
becomes a classical microformal morphism Φ: M1 →M2 as defined in [1, 2]. More
precisely:
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Theorem 1 ([3]). Consider the ‘classical generating function’ S0(x, q) such that
S~(x, q) = S0(x, q) +O(~) .
Let Φˆ be the the classical microformal morphism defined by S0(x, q). Then for an
arbitrary oscillatory wave function of the form w(y) = e
i
~
g(y) on M2, the quantum
pullback Φˆ∗(w) is an oscillatory wave function e
i
~
f~(x) on M2 such that
f~ = Φ
∗(g) +O(~) ,
where Φ∗(g) is the pullback of g w.r.t. the microformal morphism Φ: M1 →M2 as
defined in [1, 2].
Proof. The quantum pullback Φˆ∗w of an oscillatory wave function w(y) = e
i
~
g(y) is given
by the integral w.r.t. y, q of the oscillating exponential
e
i
~
(S~(x,q)+g(y)−y
iqi) .
By the stationary phase method, the value of the integral, in the main term in ~, is the same
exponential evaluated at the critical points of the phase when ~ → 0. By differentiating
w.r.t. yi and qi and setting the result to zero, we obtain the system of equations
qi =
∂g
∂yi
(y) , yi = (−1)ı˜
∂S0
∂qi
(x, q)
for determining yi, qi, the unique solution of which should be substituted into S0(x, q) +
g(y)− yiqi. This is exactly the construction of f = Φ
∗(g) in [1, 2]. 
(Note that Φ∗ : C∞(M2)→ C
∞(M1) is, in general, a nonlinear formal transforma-
tion of the spaces of functions. It is the usual pullback, Φ∗ = ϕ∗, if Φ = ϕ is an
ordinary map ϕ : M1 →M2. In such case, S(x, q) = ϕ
i(x)qi, where y
i = ϕi(x).)
Surprisingly, the quantum pullback Φˆ∗ : OC∞
~
(M2)→ OC
∞
~
(M1) can be expressed
in a closed form as a formal differential operator, i.e., the integral (1) can be explicitly
evaluated. (This is an advantage over the corresponding classical pullback, which is
in general known only in terms of an iterative procedure.) It is actually very simple.
Let us write a quantum generating function S~(x, q) defining a quantum microfor-
mal morphism Φˆ : M1→qM2 as
(2) S~(x, q) = S
0
~
(x) + ϕi
~
(x)qi + S
+
~
(x, q) ,
where S+
~
(x, q) is the sum of all terms of order > 2 in qi. Such grouping of the terms
of the expansion in qi is explained by the result below.
Theorem 2. The action of Φˆ∗ on oscillatory wave functions can be expressed as
follows:
(3)
(
Φˆ∗w
)
(x) = e
i
~
S0
~
(x)
(
e
i
~
S+
~ (x,
~
i
∂
∂y )w(y)
)
∣
∣
∣
∣
∣
yi=ϕi
~
(x)
.
That is, it is the combination of a formal differential operator in yi applied to w(y)
followed by the substitution yi = ϕi
~
(x) and the multiplication by a given phase factor
on M1.
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Proof. We have
(Φˆ∗w)(x) =
1
(2pi~)n2
∫
D(y, q) e
i
~
(S0
~
(x)+ϕi
~
(x)qi+S
+
~
(x,q)−yiqi)w(y) =
e
i
~
S0
~
(x) 1
(2pi~)n2
∫
Dq e
i
~
ϕi
~
(x)qie
i
~
S+
~
(x,q)
∫
Dy e−
i
~
yiqi w(y) .
The integral is the composition of the Fourier transform of w(y) to qi, the multipli-
cation by a function of qi, and the inverse Fourier transform from qi to y
i, where
ϕi
~
(x) is substituted for yi. Recalling the standard relation between multiplication
and differentiation under Fourier transform, we arrive at the claimed result. 
Taking into account that S+
~
(x, q) contains terms of order 2 and higher in qi, we
see that in the exponential in (3) there is a formal differential operator (of infinite
order) of the form
~
i
1
2
S
ij
~
(x)
∂
∂yi
∂
∂yi
+ . . .
where the dots stand for terms with the higher derivatives and at the same time of
higher order in ~. Therefore the exponential of it will be a formal differential operator
in yi of the form 1 +O(~), where the differential part starts from second derivatives.
Presumably, any such operator can be conversely expressed as an exponential as
above. This more or less describes the ‘differential’ part of a quantum pullback. We
may conclude that a quantum microformal morphism consists of the three ingredients:
a formal ~-dependent differential operator onM2 as described, an actual smooth map,
or its quantum perturbation, ϕ~ : M1 → M2, and an ~-dependent phase factor onM1.
What looks a bit unsatisfactory in such a picture, is that the differential operators in
yi appearing there are ‘with constant coefficients’ (independent of yi), which obviously
seems coordinate-dependent. However, this difficulty is only imaginary; it is a problem
of a description, not a problem with the definition of our objects. We may see this as
follows.
If we first perform the integration over qi in (1), we will express Φˆ
∗ as an integral
operator with a (distributional) integral kernel K(x, y). This kernel is nothing but
the Fourier transform of the phase function
e
i
~
(S0
~
(x)+ϕi
~
(x)qi+S
+
~
(x,q))
(from qi to y
i). One can easily see (this is very close to the argument above), that such
a Fourier transform can be represented, apart from the phase factor e
i
~
S0
~
(x), which is
just an oscillatory wave function on M1, as the action of the differential operator
e
i
~
S+
~ (x,
~
i
∂
∂y )
on the delta-function δ(y − ϕ~(x)). This is of course almost the same as above, but
now it gives a clear geometric picture: the Schwarz kernel K(x, y) of the operator
Φˆ∗ is a distribution supported on the graph of the ‘map’ ϕ~ : M1 → M2. This is
well-defined and independent of the choice of coordinates.
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In the description of Φˆ∗, it would therefore be better not to separate the action of
the differential operator and the substitution yi = f i
~
(x), but treat them together as
a kind of ‘ differential operator over a map ϕ~ : M1 →M2 ’.
With the same argument we can address the questions concerning the transforma-
tion laws for our generating functions. A quantum generating function S~(x, q) can be
regarded as a genuine function w.r.t. x; as for its dependence on y, the transformation
law is as follows. For the exponential
e
i
~
S~(x,q) ,
the transformation under a change of coordinates y = y(y′) is the composition of
the Fourier transform from the variables qi to the variables y
i, the usual change of
variables in the resulting function of yi, and the inverse Fourier transform from the
variables yi
′
to the variables qi′ . Note that the first Fourier transform gives a distribu-
tion supported on the graph of ϕ~ : M1 →M2 (such as the delta-function δ(y−ϕ~(x))
and its derivatives); there is no difficulty in performing invertible changes of variables
w.r.t. yi in such distributions. The Fourier transforms in question are well-defined
and give a one-to-one correspondence between generating functions and distributions
in this class. The described transformation law defines quantum generating functions
S~(x, q) as geometric objects onM1×M2. (Recalling that Legendre transform may be
regarded as the classical limit of Fourier transform, from here we may obtain again the
transformation law for classical generating functions Sclass(x, q) as established in [1].)
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